A nonlinear indicial prediction model was developed to predict the time-dependent unsteady aerodynamic loads associated with flight maneuvers at high angles of attack and high pitch rates. This model is based on nonlinear indicial theory and on efficient parameterization of the indicial and critical-state responses. The parameterization is based only on "local" information, such as instantaneous angle of attack and pitch rate. The present paper describes the application of this nonlinear indicial model to the prediction of the unsteady aerodynamic loads associated with a rectangular wing undergoing dynamic stall. The wing data used to validate the prediction is approximated by an artificial neural network which was trained to reproduce in detail the aerodynamic characteristics of the wing. It is shown that only a finite number of indicial and critical-state responses is necessary in order to accurately construct the flow responses for novel maneuvers.
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INTRODUCTION 2. OBJECTIVE AND APPROACH
In recent years, it has been possible to integrate the In order to predict the dynamics of maneuvering flight-dynamics equations fairly efficiently using aircraft or missiles at high rotational rates and high linearized aerodynamics which are occasionally angles of attack, it is essential to accurately and supplemented with ad hoc methods (i.e., efficiently model the nonlinearities associated with semiempirical simulations or wind tunnel data) to post-stall aerodynamics, including bifurcations and include nonlinear unsteady aerodynamic effects. With hysteresis. Nonlinear indicial theory offers a viable the expanded flight envelopes being considered for alternative which can fulfill the need for the efficient future maneuvering aircraft, it has become and accurate modeling of nonlinear "plant" increasingly important to be able to model and predict characteristics.
The knowledge of these nonlinear, unsteady aerodynamics. This includes the characteristics is a prerequisite for structural response prediction of the aerodynamic response in the feedback techniques and control system configuration presence of flow separation, shock movement, and design. The goal of this effort is to provide an vortex bursting, among other phenomena, at high unsteady aerodynamic model based on nonlinear angles of attack and/or high angular rates. Existing indicial response theory. An important note flow prediction methods are either too expensive or concerning the application of nonlinear indicial theory lack the proper fidelity to represent the physics of the is that the indicial functions (responses) can be aerodynamic flow. A consequence of the poor obtained from numerical computations, experimental modeling fidelity is a greater design uncertainty, lack tests, or by analytic means, whichever is appropriate of performance, and, possibly, expensive redesigns or available. and retrofits of existing fleet vehicles, such as the F−18. This paper is the second of two papers based on the Future fighter aircraft will be required to perform approach for predicting unsteady aerodynamic loads controlled maneuvers well beyond traditional aircraft at high 1 was performed on two distinct models for limits, for example, pitch up and flight at high angles the unsteady aerodynamic responses. The first model of attack, rapid point-to-shoot, and other close-in (and the topic of the first paper, Ref. 1) is a twocombat maneuvers. To perform these ultrafast parameter delay differential equation model multi-axis motions, future tactical aircraft and missiles approximating the pitch plane high angle-of-attack will pioneer the use of innovative technologies such maneuvering of a fighter aircraft (full scale). The as thrust vectoring control. To produce the best second model (and the topic of this second paper) is aircraft for these extreme flight conditions, it is an artificial neural network which was trained to necessary to combine successfully several disciplines reproduce the high angle-of-attack aerodynamic in the design phase of the aircraft: flight mechanics, characteristics of a pitching rectangular wing (wind unsteady aerodynamics, flexible structural modeling, tunnel test, Ref.
2). and control system simulation/design. 
where .
Hence, if the forcing function (i.e., the boundary condition ) is known and if is known from some computation or experimental determination, then Eq. (2) gives the value of for any schedule of boundary conditions (t) without the need to compute from first principles. This has the effect of reducing computational costs considerably. Equation (2) is a semi-analytic relation between and its boundary condition or forcing function (t). The symbol represents a set of independent variables such as spatial coordinates. For simplicity, if these variables do not depend on time, they ( ) are omitted in subsequent discussions.
As a general rule, linear indicial theory is valid away from bifurcations such as changes in flow topology, and provided that the perturbation displacements are small. Linear indicial theory has been validated in numerous examples ranging from unsteady transonic flow around airfoils (Ref. 4) rather than on the elapsed time (t-)) alone signifies that in the nonlinear formulation can now depend on the past history of the boundary conditions, i.e., "memory" effects are included in the kernel. Second, the functional dependency on itself distinguishes the nonlinear indicial response from its linear counterpart. In practice, the quantity of interest might typically be an integrated load (e.g., C ) or L generalized aerodynamic force (for flexible bodies), while the boundary condition might be an aeroelastic modal amplitude, or the angle of attack, 1.
In the latter case, the generalized superposition 
Nonlinear Indicial Prediction Model
The nonlinear indicial prediction model is based on nonlinear indicial theory and key simplifications thereof. . This second application is an example of a highly nonlinear plant and includes at least one critical state (aerodynamic bifurcation), requiring special handling. The application of nonlinear indicial theory to the neural network example is the topic of the present paper.
To avoid any possible confusion, from here on the term "model" will be reserved for the nonlinear indicial prediction scheme referred to in Section 3.3. By contrast, the Goman-Khrabrov and neural network "models" (in the old terminology) will be referred to as "systems," since they approximate the behavior of real fluid systems (a pitching aircraft or a pitching wing). Accordingly, the output of these systems will be referred to as the "data," as opposed to the "prediction," which is the output of the indicial model.
The Goman-Khrabrov and neural network systems both exhibit complex nonlinear behavior. In each case, they are used (1) to generate the indicial and (if required) critical-state-response data, and (2) to course, an imperfect assumption, and a more compare against the indicial theoretical prediction for conservative viewpoint would be to consider the novel maneuvers. The application of the indicial neural network simply as a nonlinear "plant" which theoretical prediction method to the neural network "happens" to accurately model the flow responses system is described below.
under particular conditions. The practical advantages of using a neural network are substantial. In 5. APPLICATION OF THE METHOD TO particular, the simulated unsteady aerodynamic loads THE NEURAL NETWORK SYSTEM resulting from many thousands of maneuvers can be The particular neural network program that is used in this study is the "pitch-up" neural network, which is treated as a "black box" substitute for the experiment. The pitch-up neural network predicts the sectional force coefficients C , C , C , C , and C in addition to
Description of the Neural Network System
the pressure coefficients at 15 locations on the upper surface. These predictions are made simultaneously at three span locations (0%, 37%, and 80% of the total wing span). The location of the pressure taps is shown in Fig. 1 . The architecture of the neural network is schematically illustrated in Fig replicate not only the constant pitch rate data it was trained on, but also to be able to predict the flow responses to "novel maneuvers" (both constant and variable pitch rates) with surprisingly high accuracy, provided that the physics of the flow are similar. For our purpose, the trained neural network can be considered as a "black box" prediction method for the time-dependent loads and pressure distributions. This black box prediction is an accurate representation of the flow within a reasonably wide parameter space, and it will be assumed that the flow responses predicted by the model are "as good" as if they were directly measured in wind tunnel tests. This is, of generated at negligible cost. This allows modeling be resolved, while spending less time on the the neural network and the experimental data tended to be more favorable at 0% span. Therefore, the remainder of this paper deals with the 0% span location.
Indicial Function Determination
The basic procedure for determining the indicial functions of the neural network system is the same as for the Goman-Khrabrov system of Ref. 1, namely, the straightforward application of the definition of the Fréchet derivative. Following the definition of the indicial response, two almost identical maneuvers 1 (t) and 1 (t) are carried out. The two maneuvers 1 2 coincide for t < ). At t = ), the motion is stopped for the first maneuver (1 (t) = 1 ()), for t ≥ )). The 1 1 second maneuver is similarly stopped, except that the angle of attack is incremented by 91 at time ) (1 (t) = 1 ()) + , for t ≥ )). Early in the project, this was discovered not to be the case for the neural network. Rapid variations of the indicial functions were noted as a function of 1. This is illustrated, for example, in The occurrence of extra long transients and the pathological sensitivity to the size of the indicial step both tend to suggest the proximity of a critical state. A further indication that this may be the case is the fact that the angle of attack range where this behavior is observed happens to be close to static stall (in contrast, dynamic stall, at 1 = 0.04, occurs around + 23° angle of attack). The indicial function shown in Fig. 4 (1 ≈ 16.3°) appears to be transitional between indicial functions (immediately prior to this angle-of-attack) where the quasi-static increment dC /d1 is positive, and indicial functions (for slightly l higher angles-of-attack) where dC /d1 is negative. where is taken in the limit: .
One of the difficulties associated with the above formalism is the fact that it requires preemptive knowledge of the time instants ) at which c bifurcations take place during the maneuver. In recent years, work at Wright Laboratory (see, e.g., Ref. 10) has shown that these bifurcations may be associated with the crossing of a "critical state." The crossing of a critical state during a maneuver is typically associated with a change in flow topology (for narrow region where the time-asymptotic response is example, the appearance/disappearance of separated nonzero (8C | ≈ -0.25). Figure 9 depicts the flow regions, or the occurrence of vortex burst gradual increase in the duration of the transient upstream of the trailing edge), and is characterized (defined as the elapsed time required for 8C to during unsteady maneuver by the existence of extra reach 95% of its time-asymptotic value) near the long transients. Most importantly, there is evidence critical state. The singularity at 1 is evident, and so that the existence of critical states may be predicted are its precursor symptoms (the increase in transient from quasi-static discontinuities, i.e., discontinuities of length, from either side). Although the actual the static loads or their derivatives with respect to the singularity is a well-defined point (see Fig. 8 In order to circumvent the usual difficulties associated with good precision at 1 = 0.0001, it is relatively with a discrete time series (fixed 8t = 0.12) and, in easy to locate the critical-state region for all pitch particular, to pinpoint accurately the critical-state rates investigated (0.0001 ≤ 1 ≤ 0.2). The results response, consider the quasi-static ramp 1 = 0.0001.
(not shown here) suggest that 1 is roughly constant + For this low nondimensional pitch rate, each feedback as a function of pitch rate, which constitutes an iteration ("clock count") of the neural network important simplification, from a modeling perspective corresponds to a step in angle of attack (see Section 5.6).
81 ≈ 0.00069° (as opposed to 0.275° at 1 = 0.04).
+
The resulting quasi-static lift curve ( Thus, in Fig. 10 the quasi-static load discontinuity is removed from the critical-state response. Note that, in order to calculate , a "quasi-static" criticalstate response had to be generated in such a way that the "stop angles," 1() − ) and 1() + ) matched c c closely those used at 1 = 0.1. Figure 10 depicts the + purely dynamic portion of the critical-state response. As previously noted, the crossing of the critical state is associated with a large transient response.
Model Prediction
There are two levels of testing of the indicial theoretical prediction. The first level involves reproducing the very maneuver from which the indicial and critical-state responses were determined, prior to the indicial step. The first level of testing examines the feasibility of smoothly blending a finite number of discrete indicial functions to predict the unsteady aerodynamic response in the case where these indicial responses are known exactly. By "known exactly" we mean that there should not be any error or uncertainty in the indicial function due to effects of prior motion history. Such issues are addressed by the second level of testing, which assesses the accuracy of the prediction for novel maneuvers, based only on a finite number of precritical state(s), the nonlinear indicial prediction can recorded indicial and critical-state responses.
be of arbitrarily high accuracy, provided that a
In order to assess the importance of including the For example, at a pitch rate of 1 = 0.04, a near critical-state response, we start by presenting results perfect prediction is obtained (see Fig. 12 ), using one in which functional interpolation error is reduced to a indicial function every 0.275° in angle of attack (i.e., minimum by using all available indicial functions a total of over 200 indicial functions for the duration (with the exception, naturally, of those between ) − of the maneuver shown in Fig. 12) functions. parameterization of the indicial function space using the instantaneous and ought to be used. There 6. COMPARISON WITH THE METHOD OF is no assurance a priori that such a parameterization is adequate. However it is a logical first step, the implementation of which is described below.
The location of the 38 recorded indicial functions in parameter space is shown in Fig. 15 . These 38 indicial functions are referred to as the functional interpolation nodes of the prediction method. To test the method, two novel maneuvers are considered. The first maneuver is a variable pitch rate, cosinetype, ramp from 0 to 60° angle of attack, with a maximum pitch rate 1 = 0.05. The second + max maneuver is a blended double cosine ramp from 0 to 50° angle of attack, with a maximum pitch rate 1 = 0.045. Both hypothetical maneuvers are + max depicted in Fig. 16 .
The parameter space representation of these two maneuvers is given in Fig. 17 , along with several key indications such as dynamic stall (as measured by the peak lift), and the location of the critical-state-
in the figure) . Also indicated in the figure (dotted lines) are the trajectories corresponding to the prior motion history of each of the interpolation nodes. Both the indicial responses and the critical-state responses are functionally interpolated in parameter space. Thus, the prediction of the load build-up for a novel maneuver is a completely "handsoff" process: it does not require any prior knowledge of the critical-state response associated with that maneuver, nor does it require any knowledge of any of the indicial functions associated with it.
The resulting indicial theoretical prediction for maneuvers #1 and #2 is shown in Figs. 18 and 19 , respectively. The results of Figs. 18 and 19 demonstrate that, as in the study of the GomanKhrabrov model (Ref. 1), indicial theory, coupled with appropriate multivariate functional interpolation methods, can be used as a high angle-of-attack prediction method. This latest demonstration shows that this is so, even in the case where the crossing of a critical state is encountered. An equally important result is that a two-dimensional parameterization of the indicial function space (in this instance, based on and ) appears to be sufficient to characterize the
STABILITY DERIVATIVES
In what follows, two distinct applications of the method of aerodynamic stability derivatives to the neural network system are presented. The first application is a so-called constant coefficient approach. In the second application, the coefficients are obtained from a table look-up and from actual calculations.
Constant Coefficient Aerodynamic Derivatives
For comparison purposes, a simple stability-derivative approach was implemented and tested. A priori, it is assumed that (as a minimum) the sectional loads for the rectangular wing can be modeled according to terms in angle of attack and pitch which are linear, except for an alpha-dependence of the pitch damping derivative, and for a quadratic term in alpha, i.e.: using standard notation. The inclusion of the quadratic term is the lowest order nonlinearity in 1.
Since the configuration is symmetric, it is understood that the coefficients of even powers of 1, such as , must change sign for negative 1.
Also, since the motion of the wing is forced around the 1/4 chord point, the pitch rate q and plunge rate are really not independent. We write, therefore, for simplicity where the pitch rate q is the nondimensional pitch rate (referred to in this study as 1 ), and it is understood + that the wing experiences simultaneously a streamwise-varying plunge. The constant coefficients techniques. The tabulated parameters , was applied to a model problem consisting of an were determined by the method described artificial neural network (Ref.
2) which was trained to in Section 6.2.
reproduce the detailed aerodynamic characteristics of were subsequently used to construct the flow response theoretical prediction (short dashes), and the to arbitrary schedules of 1(t).
prediction obtained using the above implementation of the stability-derivative approach (long dashes).
The indicial method is found to be significantly more Except for the correction provided by the alphaaccurate than aerodynamic derivatives-based methods, dependent pitch damping derivative terms, the which are not appropriate for true unsteady "constant coefficient" stability-derivative predictions maneuvers, particularly when critical states are in Figs. 20 
